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LYUBEZNIK TABLE OF IDEAL OF CYCLE GRAPHS
PARVANEH NADI, FARHAD RAHMATI, AND MAJID EGHBALI
Abstract. Let R = K[x1, . . . , xn] be a polynomial ring over a field K, and
I := ICn ⊂ R be an edge ideal of n-cycle graph Cn. In the present paper, we
compute the last column of the Lyubeznik table of R/I.
1. Introduction
Throughout this paper all rings are commutative and Noetherian. Let A be a local
ring which admits a surjective ring homomorphism pi : S → A, where (S, η,K)
is a regular local ring of dimension n containing a field. Set I = Ker(pi). In
1993, Lyubeznik [4], using D-modules, showed that the local cohomology module
Hiη(H
n−j
I (S)) is injective and supported at η. In these casesH
i
η(H
n−j
I (S)) is a finite
direct sum of some (= λi,j(A) known as the i, j Lyubeznik number of A) copies of
the injective hull E(S/η) of the residue field of S. In fact the Lyubeznik number
λi,j(A), i, j ≥ 0 is i-th Bass number of the local cohomology module H
n−j
I (S) as:
λi,j(A) := µi(η,H
n−j
I (S)) = dimKExt
i
S(K,H
n−j
I (S)) = µ0(η,H
i
η(H
n−j
I (S))).
Thus, it depends only on A, i and j. These numbers satisfy the following properties:
i) λi,j(A) = 0 if j > d,
ii) λi,j(A) = 0 if i > j and λd,d(A) 6= 0,
iii) Euler characteristic (cf.[1]):
∑
0≤i,j≤d
(−1)i−jλi,j(A) = 1,
where d = dimA. Therefore, we collect all nonzero Lyubeznik numbers as follows:
Λ(A) =


λ0,0 ... λ0,d
. . .
...
λd,d

 ,
in the so-called Lyubeznik table. The Lyubeznik table of A is trivial if λd,d(A) = 1
and the rest of these invariants vanish. Let R = K[x1, ..., xn] be a polynomial ring
over a field K and G a graph with the vertex set V (G) = {x1, ..., xn} and edge
set E(G). One can associate with G a monomial ideal of R which is generated by
{xixj : {xi, xj} ∈ E(G)}, called the monomial edge ideal of G denoted by IG. (See
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[7] for more details).
To do so further, in the present paper, we are interested in examining the
Lyubeznik table of ideal of cycle graphs especially the last column of these ta-
bles. For this purpose, in Section 2, by using the concept of the minimal vertex
covers for Cn of minimum cardinality we will get some basic results. As it has ob-
tained from [1], when I is a canonical Cohen-Macaulay squarefree monomial ideal
we only have the number λd,d on the last column of it’s table. In Section 3, we
examine the canonical Cohen-Macaulay property of R/ICn . Finally, in Section 4,
we compute the Lyubeznik table of the unmixed part of ICn and the last column
of the Lyubeznik table of R/ICn .
2. Basic Results
Let R = K[x1, ..., xn] be a polynomial ring over a field K, m denotes its homo-
geneous maximal ideal (x1, ..., xn). Let Cn, the n-cycle graph, be a graph on the
vertex set {x1, ..., xn} and the edge set {{x1, x2}, {x2, x3}, ..., {xn−1, xn}, {xn, x1}}.
Then the edge ideal of Cn is the ideal
ICn = (x1x2, x2x3, ..., xn−1xn, xnx1).
Definition 2.1. A subset S ⊂ V (G) is a vertex cover for G if for all {x, y} ∈
E(G), x ∈ S or y ∈ S. The subset S is called a minimal vertex cover for G if there
is no proper subset of S which is a vertex cover.
Proposition 2.2. (cf. [7, Proposition 6.1.16]) A prime ideal q of R is a minimal
prime of IG if and only if q is generated by a minimal vertex cover for G.
Remark 2.3. Let n be an even integer. Then only minimal vertex covers for Cn of
cardinality n/2 are S1 = {x1, x3, x5, ..., xn−3, xn−1} and S2 = {x2, x4, ..., xn−2, xn}.
Also, let s be a positive integer and n = 2s+ 1, then the minimal vertex covers for
Cn of cardinality s+ 1 are,
Si = {x2r+1 : i− 1 ≤ r ≤ s} ∪ {x2r : 1 ≤ r ≤ i− 1}, for all 1 ≤ i ≤ s+ 1 and
Rj = {x2r+1 : 0 ≤ r ≤ j − 1} ∪ {x2r : j ≤ r ≤ s}, for all 1 ≤ j.
Proposition 2.4. Let r be a positive integer. Let pj = (xj , xj+1, ..., xj+h−1) for
1 ≤ j ≤ r, be a monomial prime ideal of R of height h ≥ r. Let I = ∩rj=1pj, then
depthR/I = n− h.
proof. We proceed by induction on r. Let r = 2. Then the Depth Lemma [7, Lemma
1.3.9], implies depth(R/p1⊕R/p2) = n−h, since depthR/p1 = depthR/p2 = n−h.
Moreover, we know that p1 + p2 = (x1, ..., xh, xh+1) and depthR/(p1 + p2) =
n− h− 1 < n− h. By applying the Depth Lemma to the following exact sequence
0→ R/(p1 ∩ p2)→ R/p1 ⊕R/p2 → R/(p1 + p2)→ 0,
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we have, depthR/(p1 ∩ p2) = depthR/(p1+ p2)+ 1 = n−h. Now, suppose that the
statement is true for r− 1. We show that it is true for r. Let J = ∩r−1j=1pj, by using
induction hypothesis, depthR/J = n−h. It should be noted that pj+1+pr ⊂ pj+pr,
for every 1 ≤ j ≤ r−2 because {xj+1, ..., xj+h−1} ⊂ {xj , ..., xj+h−1}, and xj+h ∈ pr
since r + j ≤ h+ j < r + h− 1. On the other hand J + pr = ∩
r−1
j=1(pj + pr), by [3,
Lemma 2.7]. Therefore J + pr = pr−1 + pr. Since pr, pr−1 differ by one generator,
we get depthR/(J + pr) = n− h− 1. Once again using the Depth Lemma to exact
sequence,
0→ R/(pr ∩ J)→ R/pr ⊕R/J → R/(pr + J)→ 0,
we prove the claim. 
Proposition 2.5. Keep the notations of Remark 2.3. Let I1 = ∩
s+1
i=1 pi, I2 = ∩
s
j=1qj
where pi, qj are the prime ideals of R generated by Si and Rj respectively. Then
I1 + I2 = (p1 + qs) ∩ (q1 + ps+1).
proof. By [3, Lemma 2.7], we may have I1+I2 = ∩
s+1
i=1pi+∩
s
j=1qj = ∩
s+1
i=1 ∩
s
j=1 (pi+
qj). So it is enough to show that for all i, j, p1+qs ⊆ pi+qj or q1+ps+1 ⊆ pi+qj.
For the convenience of the reader we sort them below:
p1 = ({x2r+1 : 0 ≤ r ≤ s}), pi = ({x2r+1 : i− 1 ≤ r ≤ s} ∪ {x2r : 1 ≤ r ≤ i− 1})
q1 = ({x2r : 1 ≤ r ≤ s} ∪ {x1}), qj = ({x2r+1 : 0 ≤ r ≤ j − 1} ∪ {x2r : j ≤ r ≤ s})
ps+1 = ({x2s+1} ∪ {x2r : 1 ≤ r ≤ s}), qs = ({x2r+1 : 0 ≤ r ≤ s− 1} ∪ {x2s}).
Let i < j. Then we show that p1+qs ⊆ pi+qj. It is clear to see that, S1−{x2r+1 :
0 ≤ r ≤ i − 1} ⊆ Si and {x2r+1 : 0 ≤ r ≤ i − 1} ⊆ Rj . So p1 ⊆ pi + qj . Also
Rs − {x2r} ⊆ S1 and x2r ∈ Rj therefore, p1 + qs ⊆ pi + qj.
For i ≥ j, q1 + ps+1 ⊆ pi + qj, as Ss+1 − {x2r : i − 1 ≤ r ≤ s} ⊆ Si and
{x2r : i − 1 ≤ r ≤ s} ⊆ Rj . Hence ps+1 ⊆ pi + qj . Also q1 ⊆ pi + qj since
R1 − {x1} ⊆ Ss+1 and x1 ∈ Rj . 
Example 2.6. Let n = 7 and IC7 = I1 ∩ I2 such that,
I1 = (x1, x3, x5, x7) ∩ (x2, x3, x5, x7) ∩ (x2, x4, x5, x7) ∩ (x2, x4, x6, x7)
I2 = (x1, x2, x4, x6) ∩ (x1, x3, x4, x6) ∩ (x1, x3, x5, x6).
Therefore, depthR/I1 = depthR/I2 = 3. and I1 + I2 = (x1, x3, x5, x6, x7) ∩
(x1, x2, x4, x6, x7).
3. CCM Property of Edge Ideal of Cycle Graphs
Let (A, η) be an n-dimensional Gorenstein local ring and M be an A-module. The
module KM = Ext
n−dim(M)
A (M,A) is called the canonical module of M . We say
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that M is canonically Cohen-Macaulay (abbreviated by CCM) if KM is Cohen-
Macaulay (CM for short).
In this section we are going to examine the canonical Cohen-Macaulay property
of a cycle graph. For our purpos, we need to recall the concept of the unmixed part
of an ideal and Buchsbaum modules.
Let I be an ideal of A. Iu denotes the the unmixed part of I, that is, the
intersection of those primary components Q of I with ht(Q) = ht(I). The ideal I
is unmixed if I = Iu.
In the course of this section we will also assume that R = K[x1, ..., xn] be a
polynomial ring over a field K, m denotes its homogeneous maximal ideal. Let I
be the monomial edge ideal of cycle graph Cn.
Remark 3.1. By considering the notation of Proposition 2.5 for n = 2s + 1,
Iu = I1 ∩ I2 such that I1 and I2 are both CM of dimension s by Proposition 2.4.
Also for n = 2s we have Iu = p1 ∩ p2 where p1 and p2 respectively are prime ideals
generated by S1 and S2 in Remark 2.3. One can see that by the depth lemma,
depthR/Iu =
{
1 if n = 2s
2 if n = 2s+ 1
.
Definition 3.2. Let (A, η) be a local ring and M be a Noetherian R-module.
We say that a sequence of elements x1, ..., xt in η is a p-week M -sequence, if for
i = 1, .., t,
(x1, ..., xi−1).M : xi ⊆ (x1, ..., xi−1).M : p.
where p is an ideal of A. M is a Buchsbaum module if every system of parameters
of M is a weak M -sequence.
Proposition 3.3. Let (A, η) be a CM ring. Suppose that p1, p2 are both CM ideals
of A of dimension d > 1 and p1+p2 = η. Then A/(p1∩p2) is a Buchsbaum module.
Furthermore, A/(p1 ∩ p2) is a CCM module.
proof. Let p = p1 ∩ p2. From the long exact sequence
0→ H0η (A/η)→ H
1
η (A/p)→ 0→ ...→ 0→ H
d
η (A/p)→ H
d
η (A/p1 ⊕A/p2)→ 0
one has Hiη(A/p) = 0 for all 1 < i < d and H
1
η (A/p)
∼= H0η (A/η) = A/η, because
A/p1 and A/p2 are both CM of dimension d. So ηH
1
η (A/p) = 0. Now, we are done
by [6, Proposition 2.12, page 81]. For the last statment, note that for all 1 < i < d,
Hiη(A/p) = 0. Hence, the claim follows from [2, Theorem 5.4]. 
Proposition 3.4. Let I be the monomial edge ideal of the n-cycle graph Cn. Then
R/Iu is a Buchsbaum module.
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proof. According to what was said in the Remark 3.1, for even integer n, R/Iu is
a Buchsbaum module by Proposition 3.3. In the case n is odd, if n = 3 or 5 then,
R/I is CM so it is Buchsbaum by [6, Example 2]. Therefore, we consider n ≥ 7
and set d = dimR/I. We have Iu = I1 ∩ I2 such that R/I1 and R/I2 are both
CM modules. Also we can extract of Proposition 2.5, R/(I1 + I2) is a Buchsbaum
module by Proposition 3.3. Put J = I1 + I2. We have the long exact sequence
0→ H1
m
(R/J)→ H2
m
(R/Iu)→ 0→ ...→ 0→ Hd−1
m
(R/J)→ Hd
m
(R/Iu)→
Hd
m
(R/I1 ⊕R/I2)→ 0.
As for all 1 < i < d−1,Hi
m
(R/J) = 0 and also by the Remark 3.1, depth(R/Iu) = 2,
we can conclude that for all 2 < i < d, Hi
m
(R/Iu) = 0. On the other hand,
H1
m
(R/J) ∼= H2
m
(R/Iu) and by [6, Proposition 2.12, page 81], mH1
m
(R/J) = 0.
Hence mH2
m
(R/Iu) = 0. Once again applying [6, Proposition 2.12, page 81], R/Iu
is Buchsbaum. 
Remark 3.5. We note that for any ideal J of R we may write J = Ju ∩ J ′ and
get the following long exact sequence
...→ Extn−dR (R/(J
u + J ′), R)→ Extn−dR (R/J
u, R)⊕ Extn−dR (R/J
′, R)→
Extn−dR (R/J,R)→ Ext
n−d+1
R (R/(J
u + J), R)→ ...,
where d = dimR/J . Since dimR/(Ju + J ′) < dimR/J ′ < d,
Extn−dR (R/(J
u + J ′), R) = Extn−dR (R/J
′, R) = Extn−d+1R (R/(J
u + J ′), R) = 0.
It follows that KR/J ∼= KR/Ju . So R/J is CCM if and only if R/J
u is CCM.
Proposition 3.6. Let n 6= 3, 5 and I be the monomial edge ideal of the n-cycle
graph Cn. Then R/I is CCM module if and only if n is an even integer.
proof. Let n be an even integer by the Proposition 3.3 and the Remark 3.5, R/I is
CCM.
Conversely, let R/I be CCM. So R/Iu is. If n is not even, as R/Iu is Buchsbaum,
for 1 < i < d = dimR/I, Hi
m
(R/Iu) = 0 by [2, Theorem 5.4]. It contradicts this
fact that depthR/Iu = 2. So n is even and we are done. 
4. Lyubeznik Numbers
We assume as in the previous section that R = K[x1, ..., xn] is a polynomial ring
over a field K, m denotes its homogeneous maximal ideal (x1, ..., xn). The aim of
this section is to describe the last column of the Lyubeznik table of R/I, where I
is the monomial edge ideal of the n-cycle graph Cn. For this we will establish the
Lyubeznik table of the unmixed part of cyclic ideals.
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Corollary 4.1. Let n be an even integer. Then the Lyubeznik table of R/Iu is as
follows:
Λ(R/Iu) =


0 1 0 · · · 0
0
. . .
...
...
. . . 0
2

 .
proof. By [5, Theorem 5.5], the Lyubeznik table of R/Iu is as
(4.1) Λ(S/J) =


0 λ0,1 λ0,2 · · · λ0,d−1 0
0 0 . . . 0 0
0 . . . 0 λ0,d−1
. . .
...
...
0 λ0,2
λ0,1 + 1


.
On the other hand by [8], for any squarefree monomial ideal J of R,
λi,j(R/J) = dimk[Ext
n−i
R (Ext
n−j
R (R/J,R), R)]0.
So from the Proposition 3.3 and local duality, for all 1 < i < d, λ0,i(R/I
u) = 0
since Hi
m
(R/Iu) = 0. Also
λ0,1(R/I
u) = dimK [Ext
n
R(Ext
n−1
R (R/I
u, R), R)]0 = dimK [Ext
n
R(K,R)]0 = 1,
because H1
m
(R/Iu) ∼= H0
m
(A/m) = A/m. So λd,d(R/I
u) = 2 where d = dim(R/I)
and we get the result. 
Remark 4.2. Note that for n = 3, 5 the ideal I is Cohen-Macaullay so it has
the trivial Lyubeznik table. Hence we compute the Lyubeznik table of R/Iu for
n = 2s+ 1 where s ≥ 3.
Corollary 4.3. Let n = 2s+ 1 where s ≥ 3. Then the Lyubeznik table of R/Iu is
as follow:
Λ(R/Iu) =


0 0 1 · · · 0
0
. . .
...
...
. . . 1
1

 .
proof. The Lyubeznik table ofR/Iu is as form (4.1). By the proof of proposition 3.4,
for 2 < i < d, λ0,i(R/I
u) = 0 as Hi
m
(R/Iu) = 0. Also H2
m
(R/Iu) ∼= H1
m
(R/I1 +
I2). So by local duality [Ext
n
R(Ext
n−2
R (R/I
u, R), R)]0 ∼= [Ext
n
R(Ext
n−1
R (R/I1 +
I2, R), R)]0. Hence λ0,2(R/I
u) = λ0,1(R/I1 + I2) = 1. Therefore λd−1,d(R/I
u) = 1
for d = dim(R/I) and the proof is complete. 
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Now by using this fact that KR/I ∼= KR/Iu , as we saw in the Remark 3.5, we
can get our main results.
Corollary 4.4. Let n be an even integer. Then the last column of the Lyubeznik
table of R/I is as follows:
[0, 0, . . . , 0, 2].
Corollary 4.5. Let s ≥ 3 be a positive integer and n = 2s + 1. Then the last
column of Lyubeznik table of R/I is
[0, 0, . . . , 0, 1, 1].
Example 4.6. Let I = IC7 and J = IC4 then
Λ(R/I) =


0 0 1 0
0 0 0
0 1
1

 , Λ(R/J) =


0 1 0
0 0
2

 .
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